This theorem is classical; the first inequality is explicitly stated in Vijayaraghavan (1927) . From these inequalities we obtain 
with CJI < 4.230.... Golubeva (1984) has proven the following inequalities:
but her result is ineffective. From Theorem 2.3, making use of the trivial lower estimate eo(d) > (d -3) 1 / 2 , we deduce that
3. Fields with caliber one. By definition, every field with caliber one is principal. If a reduced quadratic surd x > 1 is of caliber one, then one has x = r + (1/x) with some r > 1, i.e., x = (l/2)(r + (r 2 + 4) 1 / 2 ). Let t be a squarefree natural integer. The principal class of Q(y/i) is of caliber one if and only if one of the following holds (I) t = r 2 + 4 where r = 1 (mod 4);
(II) At = r 2 + 4 where r = 2 (mod 4); the quadratic surd x above is then the fundamental unit (with norm -1) of Q(v^); these facts go back at least to Richaud (1866). From Theorem 2.3 we deduce THEOREM 3.1. Under hypothesis (H), the only real quadratic fields with caliber one are the seven fields Q(\/ï) with t = 2, 5,13,29,53,173,293. In the same vein, one also has THEOREM 3.2. Under hypothesis (H), the only principal real quadratic fields with d = r 2 + 1 = 1 (mod 4) are the six fields Q(\/£) with t = 5, 17, 37,101,197,677. This theorem has been the subject of a question of Chowla for many years: cf. e.g. Chowla and Friedlander (1976) . The fields considered in Theorem 3.2 have caliber 3, but they contain an order with caliber one. Çallialp (1980) has proven that hypothesis (H) is satisfied for the real quadratic fields with discriminant d = r 2 +1 = 1 (mod 16). We thus have the following unconditional result: The only principal real quadratic field with discriminant d = r 2 +1 = 1 (mod 16) is the field Q( v / Ï7). However, one can prove this easily, using the fact that 2 splits in such a field.
4. An analytical result. We now look at the zeta functions of classes with small caliber. Let (K{) be an infinite sequence of real quadratic fields, set d{ = disc (ifi). Let Ci be an ideal class of Ki with caliber m^. Assume moreover that logm^ ~ qlogdi with q € [0, l/2[. Let A > 0.
THEOREM 4.1. If di is sufficiently large, the partial zeta function f(s, Ci) of the class Ci has exactly one zero Si in the interval
In other words, the first part of the theorem says that the partial zeta function ç(s,d) does have a Siegel zero. (ra,n) = l
The functions E*(z, s) are the usual Eisenstein series. They admit a meromorphic continuation to the complex plane, with poles at s = 0 and 3 = 1. They are invariant under s -> 1 -s. A formula of Hecke states: for s / 0,1
for a suitable differential CIQZ. We refer to Hecke (1917 ), Lang (1970 , Zagier (1975) , Wielonsky (1984) We have thus obtained a decomposition of the function Z(s,Q) as a sum of functions H(s,Q n ) indexed by the primitive period of Q; this decomposition relies on the same principles as those of Shintani (1976) and Zagier (1977) , but here the functions H(s, Q) are no longer Dirichlet series. Using the asymptotic expansion of Eisenstein series at s = 1/2 (cf. Chowla-Selberg (1967) ), and the fact that Im(z) > 1/2 for z € YQ, we obtain the following result. Theorem 2.3 also follows from Proposition 5.2 and from the standard convexity inequalities; one can take uj\ = UJ -f (1/80) in these theorems. Theorem 4.1 is proved using an "asymptotic limit formula." This formula is obtained from Hecke's formula when s -» 1, in much the same spirit as in the work of Goldfeld (1976) ; see also Goldfeld-Schinzel (1975) .
